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Existence of Whittaker models
related to
four dimensional symplectic Galois representations
Rainer Weissauer
Let A = Afin ⊗ R be the ring of rational adeles and GSp(4) be the group of
symplectic similitudes in four variables. Suppose Π ∼= Πfin⊗Π∞ is a cuspidal ir-
reducible automorphic representation of the group GSp(4,A), where Π∞ belongs
to a discrete series representation of the group GSp(4,R). The discrete series re-
presentations of the groupGSp(4,R) are grouped into local L-packets [W1][W2],
which have cardinality two and consist of the class of a holomorphic and the class
of a nonholomorphic discrete series representation. Two irreducible automorphic
representations Π = ⊗vΠv and Π′ = ⊗vΠ′v are said to be weakly equivalent, if
Πv ∼= Π
′
v holds for almost all places v.
The aim of this article is to prove the following
Theorem 1. Let Π be a cuspidal irreducible automorphic representation of the
group GSp(4,A). Suppose Π is not CAP and suppose Π∞ belongs to the discrete
series of the group GSp(4,R). Then Π is weakly equivalent to an irreducible glo-
bally generic cuspidal automorphic representation Πgen of the group GSp(4,A),
whose archimedean component Πgen,∞ is the nonholomorphic discrete series re-
presentation contained in the local archimedean L-packet of Π∞.
For an automorphic representation Π as in theorem 1 by [W2] there exists an
associated Galois representation ρΠ,λ. From [W2] and theorem 1 we obtain, that
these Galois representations ρΠ,λ are symplectic in the following sense
Theorem 2. Suppose Π is as in theorem 1. Then the associated Galois represen-
tation ρΠ,λ preserves a nondegenerate symplecticQl-bilinear form 〈., .〉, such that
the Galois group acts with the multiplier ωΠµ−wl
〈 ρΠ,λ(g)v, ρΠ,λ(g)w 〉 = ωΠ(g)µ
−w
l (g) · 〈v, w〉 , g ∈ Gal(Q/Q)
where µl is the cyclotomic character.
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A variant of this construction also yields certain orthogonal four dimensional Ga-
lois representations. See the remark at the end of this article.
For an irreducible cuspidal automorphic representation Π of GSp(4,A), which is
not CAP and whose archimedean component belongs to the discrete series, we
want to show that Π is weakly equivalent to a globally generic representation
Πgen, whose archimedean component again belongs to the discrete series. Π not
being CAP implies, that Πgen again is cuspidal. Hence [W2], theorem III now also
holds unconditionally, since the multiplicity one theorem is known for the generic
representation Πgen.
A careful analysis of the proof shows, that the arguments imply more. For this we
refer to the forthcoming work of U.Weselmann [Wes].
Proof of theorem 1: The proof will be based on the hypotheses A,B of [W2] pro-
ved in [W1], and theorem 3 and theorem 4, which will be formulated further below
during the proof of theorem 1. Theorem 3 is a consequence of results of [GRS].
Theorem 4 is proved in [Wes]. For the following it is important, that under the as-
sumptions made in theorem 1 Ramanujan’s conjecture holds for the representation
Π at almost all places, as explained in [W2] section 1.
Restriction to Sp(4). The restriction of Π to Sp(4,A) contains an irreducible con-
stituent, say Π˜. In the notation of [W2], section 3 consider the degree five standard
L-series
ζS(Π, χ, s)
of Π˜ for Sp(4). For our purposes it suffices to consider this L-series for the primes
outside a sufficiently large finite set of place S containing all ramified places. So
this partial L-series depends only on Π, and does not depend on the chosen Π˜.
Euler characteristics. Π is cohomological in the sense of [W2],[W1], i.e. Π oc-
curs in the cohomology of the Shimura variety M of principally polarized abelian
varieties of genus two for a suitable chosen Ql-adic coefficient system Vµ(Ql).
Since Π is of cohomological type and since we excluded CAP-representations Π,
the representations Πfin and also ΠS (i.e. ΠS = ⊗v/∈SΠv outside a finite set S of
bad primes) only contribute to the cohomology H i(M,Vµ(Ql)) for the coefficient
system Vµ [W2] in the middle degree i = 3 and not for the other degrees (see
[W2] hypothesis B(1),(2) and [W1]). This cohomological property is inherited to
the subgroup Sp(4,A) by restriction and induction using the following easy obser-
vation: Given two irreducible automorphic representations Π1,Π2 of GSp(4,A)
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having a common irreducible constituent after restriction to Sp(4,A). Then, if Π1
is cuspidal but not CAP, then also Π2 is cuspidal and not CAP.
Therefore, if we consider the generalized ΠS-isotypic subspaces for either of the
groups GSp(4,AS) or Sp(4,AS)) in the middle cohomology group of degree 3,
we may as well replace the middle cohomology group by the virtual representation
H•(M,Vµ(Ql)). Up to a minus sign this does not change the traces of Hecke
operators , which are later considered in theorem 4. Here S may be any finite set
containing the archimedean place.
First temporary assumption. For the moment suppose Π˜ admits a weak lift Π˜′ to an
irreducible automorphic representation of the group PGl(5,A) in the sense below
(we later show using theorem 4 that this in fact always holds). A representation
Π˜′ of PGl(5,A) can be considered to be a representation of Gl(5,A) with trivial
central character. In this sense the lifting property just means, that there exists an
irreducible automorphic representation Π˜′ of PGl(5,A), for which
LS(Π˜′ ⊗ χ, s) = ζS(Π, χ, s)
holds for the standard L-series of Gl(5) and all idele class characters χ and certain
sufficiently large finite sets S = S(χ, Π˜′) of exceptional places.
Considered as an irreducible automorphic representation of Gl(5,A) the repre-
sentation Π˜′ need not be cuspidal (by the way this is essentially used in the ad-
ditional remark on orthogonal representations made at the end after the proof of
theorem 1). There exist irreducible cuspidal automorphic representations σi of
groups Gl(ni,A) where
∑
i ni = 5, such that Π˜′ is a constituent of the represen-
tation induced from a parabolic subgroup with Levi subgroup
∏
iGl(ni,A). See
[L], prop.2. Each of the cuspidal representations σi can be written in the form
σi = χi⊗ σ
0
i for some unitary cuspidal representations σ0i and certain one dimen-
sional characters χi.
Let ωσi denote the central character of σi. The identity LS(Π˜′, s) = ζS(Π, 1, s)
implies, that the characters ωσi = χniωσ0i are unitary. In fact, since Π
S satisfies
the Ramanujan conjecture by [W2], they have absolute value one at all places
outside S. Therefore by the approximation theorem all χi are unitary. Hence the
σi itself have been cuspidal unitary representations.
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Now, since the σi are cuspidal unitary, the well known theorems of Jaquet-Shalika
and Shahidi on L-series for the general linear group [JS] imply the non-vanishing
LS(Π˜′ ⊗ χ, 1) =
∏
i L
S(σi ⊗ χ, 1) 6= 0 for arbitrary unitary idele class characters
χ. By the (temporary) assumption, that Π˜′ is a lift of Π˜, this implies
ζS(Π, χ, 1) 6= 0
for all unitary idele class characters χ.
Second temporary assumption. Now in addition we suppose, that Π can be weakly
lifted to an irreducible automorphic representation (Π′, ω) of the groupGl(4,A)×
A∗. By this we mean, that there exists an irreducible automorphic representation
Π′ of Gl(4,A) and an idele class character ω, such that for the central characters
of Π and Π′ we have
ωΠ′ = ω
2 and ωΠ = ω ,
and that furthermore
LS(Π⊗ χ, s) = LS(Π′ ⊗ χ, s)
holds for sufficiently large finite sets of places S containing all ramified places.
Here, following the notation of [W2] section three, LS(Π, s) denotes the standard
degree four L-series of Π.
These conditions imposed at almost all unramified places of course complete-
ly determines the automorphic representation Π′ by the strong multiplicity one
theorem for Gl(n). In particular this implies, that the global lift Π 7→ (Π′, ω)
commutes with character twists Π ⊗ χ 7→ (Π′ ⊗ χ, ωχ2). Furthermore it implies
(Π′)∨ ∼= Π′ ⊗ ω−1. In particular this finally holds locally at all places including
the archimedean place.
The archimedean place. From the last observation we obtain Π′∞ ⊗ sign ∼= Π′∞
from the corresponding Π∞ ⊗ sign ∼= Π∞, which is known for discrete series
representations Π∞ of GSp(4,R). Hence it is easy to see, that Π′∞ respectively
Π∞ are determined by their central characters and their restriction to Sl(4,R)
respectively Sp(4,R). In fact we will later show, that the lift Π′ can be assumed to
have a certain explicitly prescribed behavior at the archimedean place. What this
means will become clear later.
Properties of Π′. Again the irreducible automorphic representation Π′ of Gl(4,A)
need not be cuspidal. Π′ is a constituent of a representation induced from some
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parabolic subgroup with Levi subgroup
∏
j Gl(mj) for
∑
j mj = 4, with respect
to some irreducible cuspidal representations τj of Gl(mj ,A).
The same argument, as already used for the first temporary assumption, implies
the τj to be unitary cuspidal. This excludes mj = 1 for some j, since otherwise
this would force the existence of a pole of LS(Π ⊗ χ, s) for χ = τ−1j at s = 1
again by the results [JS] of Jaquet-Shalika and Shahidi on the analytic behavior of
L-series for Gl(n) on the line Re(s) = 1. Notice, a pole at s = 1 would imply Π
to be a CAP representation (see [P]). This however contradicts the assumptions of
theorem 1, by which Π is not a CAP representation.
Let us return to Π. Either Π′ is cuspidal; or Π′ comes by induction from a pair
(τ1, τ2) of irreducible cuspidal representations τi of Gl(2,A), for which ωτ1ωτ2 =
ω2 holds. In this second case we do have
LS(Π′, s) = LS(τ1, s)L
S(τ2, s) .
By LS(Π, s) = LS(Π′, s) therefore Π is a weak endoscopic lift, provided the cen-
tral characters ωτ1 = ωτ2 coincide. For weak endoscopic lifts theorem 1 obviously
holds. See [W2], hypothesis A part (2) and (6) combined with [W1]. To complete
the discussion of this case we establish the required identity ωτ1 = ωτ2 . For this
we need some further argument and therefore we make a digression on theta lifts
first.
The theta lift. Gl(1) acts on Gl(4)×Gl(1) such that t maps (h, x) to (ht−1, xt2).
By our temporary assumptions made, the central character of Π′ is completely
determined so that the representation (Π′, ω) of Gl(4) × Gl(1) descends to a re-
presentation on the quotient group G(A) = (Gl(4,A)×Gl(1,A))/Gl(1,A). This
quotient group G(A) is isomorphic to the special orthogonal group of similitudes
GSO(3, 3)(A) attached to the split 6 dimensional Grassmann space Λ2(Q4) with
the underlying quadratic form given by the cup-product.
The (generalized) theta correspondence of the pair
(
GSp(4), GO(3, 3)
)
preserves central characters. If we apply the corresponding theta lift to the re-
presentation Π of GSp(4,A), then according to [AG] p.40 the theta lift of Π to
GO(3, 3)(A) is nontrivial if and only if Π is a globally generic representation. In
this case it is easy to see, that the lift is globally generic. For the converse we need
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the following result announced by Jaquet, Piateskii-Shapiro and Shalika [JPS].
See also [AG] and [S2], [PSS].
Theorem 3. An irreducible cuspidal automorphic representation Π′ of Gl(4,A)
lifts nontrivially to GSp(4,A) under the generalized theta correspondence of the
pair (GSp(4), GO(3, 3)) if and only if the alternating square degree six L-series
L(Π′, χ, s,Λ2) or equivalently some partial L-series
LS(Π′, χ, s,Λ2)
(for a suitably large finite set of places S containing all bad places) has a pole at
s = 1 for some unitary idele class character χ. In this case the lift of Π′ is globally
generic, and also Π is generic.
Remark on the degree sixL-series. To apply this it is enough to observe, that under
our second temporary assumptions we have enough control on LS(Π′, χ, s,Λ2) to
apply theorem 3 for the representation Π′ of Gl(4,A), attached to the representa-
tion Π of GSp(4,A) subject to our second temporary assumption. Indeed by an
elementary computation the second temporary assumption implies the identity
LS(Π′, χ, s,Λ2) = LS(ωχ, s)ζS(Π, ωχ, s) ,
where ω = ωΠ denotes the central character of Π. Now compare LS(Π′, χ, s,Λ2)
with the standard L-series of the special orthogonal group SO(3, 3), which is used
in the proof of theorem 3:
We have exact sequences
1 // SO(3, 3) // GSO(3, 3)
λ
// Gl(1) // 1 ,
1 // Gl(1)
i
// Gl(4)×Gl(1) // GSO(3, 3) // 1 ,
where λ is the similitude homomorphism and where i(t) = (t−1 ·id, t2). Hence for
the Langlands dual groups, which at the unramified places describe the restriction
of spherical representations of GSO(3, 3)(F ) to SO(3, 3)(F ), we get
1 // C∗
λˆ
// ̂GSO(3, 3) // ̂SO(3, 3) // 1 .
Notice ̂GSO(3, 3) ⊆ Gˆl(4) × Gˆl(1). The 6-dimensional complex representation
of Gl(4,C)×Gl(1,C) on Λ2(C4) defined by
(A, t) ·X = t−1 · Λ2(A)(X)
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is trivial on the subgroup λˆ(C∗), hence defines a 6-dimensional representation
of the L-group ̂SO(3, 3). The L-series of this representation defines the degree
6 standard L-series LS(σ, s) of an irreducible automorphic representation σ of
the group SO(3, 3)(A). Apparently, for σ spherical outside S in the restriction of
(Π′, χ) so that ωΠ′ = χ2, we therefore get
LS(σ, s) = LS(Π′, χ−1, s,Λ2) .
Proof of theorem 3: Using the remark on the degree six L-series we now can invo-
ke [GRS], theorem 3.4 to deduce hypothesis C. The condition on genericity made
in loc. cit. automatically holds for an cuspidal irreducible automorphic represen-
tation σ of SO(n, n)(A) for n = 3, since this conditions is true for Gl(4,A).
Therefore by [GRS] a pole of LS(σ, s) at s = 1 implies, that σ has a nontrivial,
cuspidal generic theta lift to the group Sp(2n−2)(A) = Sp(4,A). This in turn ea-
sily implies the same for the extended theta lift from GSO(3, 3)(A) to GSp(4,A).
This proves theorem 3.
Additional remark. If in addition the spherical representation Π′S is a constitu-
ent of an induced representation attached to a pair of unitary cuspidal irreducible
automorphic representations τ1, τ2 of Gl(2,A), then furthermore
LS(Π′, χ, s,Λ2) = LS(τ1 × (τ2 ⊗ χ), s)L
S(ωτ1χ, s)L
S(ωτ2χ, s) .
This, as well as ω2 = ωΠ′ = ωτ1ωτ2 , are rather obvious. But by the wellknown
analytic properties of L-series [JS] it implies, that the right side now has poles for
χ = ω−1τi and i = 1, 2. Notice the τi are unitary cuspidal.
This being said we now complete the discussion of the case, where Π′ is not
cuspidal.
Reduction to the case Π′ cuspidal. If Π′ is not cuspidal, then as already shown
Π′ is obtained from a pair of irreducible unitary cuspidal representations (τ1, τ2)
by induction. To cover theorem 1 in this case we already remarked, that it suf-
fices to show ωτ1 = ωτ2 . If these two characters were different, then χi =
ωω−1τi 6= 1 for i = 1 or i = 2. Therefore L
S(Π′, χ, s,Λ2) would have a pole
at s = 1 for χ = ω−1τi by the previous ‘additional remark’. Hence the identity
LS(Π′, ω−1τi , s,Λ
2) = LS(χi, s)ζ
S(Π, χi, s) would imply the existence of poles at
s = 1 for the L-series ζS(Π, χi, s). Thm.4.2 of [W2], section 4 then would imply
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(χi)
2 = 1. Since χ1χ2 = 1 holds by definition of Π′, therefore χ1 = χ2. Thus
ωτ1 = ωτ2 . So we are in the case already considered in [W2]: Π is a weak lift.
In this case the statement of theorem 1 follows from the multiplicity formula for
weak endoscopic lifts [W2], hypothesis A (6). Thus we may suppose from now
on, that Π′ is cuspidal.
Applying theorem 3. Both our temporary assumptions on the existence of the lifts
Π˜′ and Π′ imply, that from now on we can assume without restriction of generali-
ty, that Π′ is a unitary cuspidal representation. Since we deduced ζS(Π, χ, 1) 6= 0
for all unitary characters χ from our first temporary assumption, the crucial iden-
tity LS(Π′, χ, s,Λ2) = LS(ωχ, s)ζS(Π, ωχ, s) forces the existence of a pole for
LS(Π′, ω−1, s,Λ2) at s = 1. Therefore we are in a situation where we can ap-
ply theorem 3: Since Π′ is cuspidal, the pair (Π′, ω) defines a cuspidal irredu-
cible automorphic representation of GSO(3, 3)(A). It nontrivially gives a back-
ward lift from GSO(3, 3) to a globally generic automorphic representation Πgen
ofGSp(4,A) using theorem 3. Comparing both lifts at the unramified places gives
LS(Π, s) = LS(Π′, s) = LS(Πgen, s) .
The first equality holds by assumption. The second equality follows from the be-
havior of spherical representations under the Howe correspondence [R]. See also
[PSS], p.416 for this particular case. Hence Π and the generic representation Πgen
are weakly equivalent.
In other words, using two temporary assumptions, we now have almost deduced
theorem 1. In fact the generic representation Πgen, that has been constructed abo-
ve, is weakly equivalent to Π. Hence it is cuspidal, since Π is not CAP. However,
for the full statement of theorem 1 one also needs control over the archimedean
component of Πgen. We postpone this archimedean considerations for the moment
and rather explain first, how to establish the two temporary assumptions to hold
unconditionally. This will be deduced from the topological trace formula.
Construction of the weak lifts Π′ and Π˜′ of Π. The existence of these lifts will
follow from a comparison of the twisted topological trace formula of a group
(G, σ) with the ordinary topological trace formula for a group H for the pairs
H = GSp(4,A) and (G, σ) = (GSO(3, 3)(A), σ) respectively H˜ = Sp(4,A)
and G˜ = (PGl(5,A), σ˜). Here σ respectively σ˜ denote automorphisms of order
two of G resp. G˜. In both cases the group of fixed points in the center under
the automorphism σ, σ˜ will be a Zariski connected group, a condition imposed in
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[W3]. Notice G is isomorphic to the quotient of Gl(4) × Gl(1) divided by the
subgroup S of all zentral elements of the form (z · id, z−2), hence is isomorphic
to Gl(4)/{±1}. Hence for a local field F
GSO(3, 3)(F ) ∼=
(
Gl(4, F )× F ∗
)
/F ∗ ,
where t ∈ F ∗ acts on (h, x) ∈ Gl(4, F ) × F ∗ via (h, x) 7→ (ht−1, xt2). The
group GSO(3, 3)(F ) can be realized to act on the six dimensional Grassmann
space Λ2(F 4). See [AG], p.39ff and [Wa], p.44f. This identifies the quotient group
G(F ) with the special orthogonal group of similitudes GSO(3, 3)(F ) attached to
the split 6 dimensional quadratic space Λ2(F 4) defined by the cup-product. The
similitude character is λ(h, x) = det(h)x2. The automorphism σ of G is induced
by the map (h, x) 7→ (ω(h′)−1ω−1, det(h)x) for a suitable matrix ω ∈ Gl(4, F )
chosen in such a way, that σ stabilizes a fixed splitting [BWW].1.9. Then σ is the
identity on the center Z(G) ∼= Gl(1) of G.
Let us start with some
Notations. Let G be a split reductive Q-group with a fixed splitting (B, T, {xα})
over Q and center Z(G). Let σ be a Q-automorphism of G, which stabilizes
the splitting, such that the group Z(G)σ of fixed points is connected for the
Zariski topology. Let K+∞ be the topological connected component of a maxi-
mal compact subgroup of G(R), similarly let Z+∞ be the connected component
of the R-valued points of the maximal R-split subtorus of the center of G. Let
XG = G(R)/K
+
∞Z
+
∞ be the associated symmetric domain as in [Wes] (5.22).
Let V be an irreducible finite dimensional complex representation of G with
highest weight χ ∈ X∗(T ), which is invariant under σ. It defines a bundle
VG = G(Q) \ [G(Afin) × XG × V ] over MG = G(Q) \ [G(Afin) × XG]. See
also [Wes] (3.4). Let Vχ denote the associated sheaf. For the natural right action of
G(Afin) on MG and VG the cohomology groups H i(MG,Vχ) become admissible
G(Afin)-modules, on which σ acts. Let H•(MG,Vχ) =
∑
i(−1)
iH i(MG,Vχ) be
the corresponding virtual modules. Then for f ∈ C∞c (G(Afin)) the traces
T (f, σ,G, χ) = Trace(f · σ,H•(MG,Vχ))
are well defined.
Let G1 be the maximal or stable endoscopic group for (G, σ, 1) in the sense of
σ-twisted endoscopy (see [KS](2.1) and [Wes], section 5), where we assume that
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the character ω = ωa is trivial. The corresponding endoscopic datum (G1,H, s, ξ)
has the property H = LG1. The dual group Gˆ1 is the group of fixed points of
Gˆ under σˆ and is again split, defining ξ : LG1 → LG. Let T1 be a maximal
Q-torus of G1, then we can identify the character group X∗(T1) with the fixed
group X∗(T )σ. Hence χ defines a coefficient system Vχ1 on MG1 and we can
similarly define T (f1, id, G1, χ1). Functions f =
∏
v 6=∞ fv ∈ C
∞
c (G(Afin)) and
f1 =
∏
v 6=∞ f1,v ∈ C
∞
c (G1(Afin)) are called matching functions, if each of the
local pairs are matching in the sense of [KS] (5.5.1) up to z-extensions, so that in
particular fv and fv,1 are characteristic functions of suitable hyperspecial maximal
compact subgroups Kv ⊆ Gv = G(Qv) resp. Kv,1 ⊆ G1,v = G1(Qv) for almost
all v /∈ S (S a suitable finite set of places which may be chosen arbitrarily large).
By simplicity here we tacitly neglect, that f1 and f have to be chosen as in [KS] p.
24 or 70 up to an integration over the central group denoted Z1(F ) in loc. cit. The
functions f1 =
∏
v f1,v and f =
∏
v fv are said to be globally matching functions,
if the analog of formula [KS] (5.5.1) holds for the global stable orbital integrals
defined over the finite adeles all global elements δ, δH . This slightly weaker global
condition suffices for the comparison of trace formulas.
The homorphism bξ. For v /∈ S the classes of irreducible K1,v-spherical repre-
sentations Πv,1 of G1(Qv) are parameterized by their ‘Satake parameter’α1 ∈
Y1(C) = Tˆ1/W (Gˆ1). Since Y1(C) can be identified with (Gˆ1)ss/int(Gˆ1) (see
[Bo], lemma 6.5) and similar for G, the endoscopic map ξ induces an algebraic
morphism (Gˆ1)ss/int(Gˆ1) → (Gˆ)ss/int(Gˆ), hence a map ξY : Y1(C) → Y (C).
Since the spherical Hecke algebra of (G1,v, K1,v) resp. (Gv, Kv) can be identified
with the ring of regular functions C[Y1] resp. C[Y ], we obtain an induced algebra
homomorphism bξ = ξ∗Y from the spherical Hecke algebra C∞c (Gv//Kv) to sphe-
rical Hecke algebra C∞c (G1,v//K1,v). The Satake parameter α = ξY (α1) defines a
Kv-spherical representation of G1,v, also denoted Πv = rξ(Πv,1). By construction
of the map it satisfies Πσv ∼= Πv. Hence the action of Gv on Πv can uniquely be
extended to an action of the semidirect product Gv⋊ < σ > assuming, that σ fixes
the spherical vector.
The topological trace formula. We give a review of the σ-twisted topological trace
formula of Weselmann [Wes] theorem 3.21, which generalizes the topological
trace formula of Goresky and MacPherson [GMP], [GMP2] from the untwisted
to the twisted case. Weselmann shows that these trace formulas themselves are
‘stable’ trace formulas [Wes] theorem 4.8 and remark 4.5, i.e. can be written enti-
rely in terms of stable twisted orbital integrals SOG,σγ (f) for the maximal elliptic
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endoscopic group of (G, σ) in the sense of twisted endoscopy
T (f, σ,G, χ) =
∑
I⊂∆,σ(I)=I
(−1)|(∆\I)/σ| · TI(f, σ,G, χ)
TI(f, σ,G, χ) =
′∑
γ∈PI(Q)/∼
α∞(γ, 1) · SO
G,σ
γ (f) · Trace(γ · σ, V )
where the summation runs over all stable conjugacy classes γ in PI(Q) of I-
contractive elements, whose norm is in LI∞ (see loc. cit theorem 4.8). In princi-
ple these trace formulas can be compared without simplifying assumptions (see
[Wes], section 5) except for a different notion of matching functions due to the
factors α∞(γ, 1). See [Wes] (5.15).
Strongly matching functions. Globally matching functions (f, f1) are said to be
strongly matching, if there exists a universal constant c = c(G, σ) 6= 0 such that
TI(f, σ,G, χ) = c · TI(f1, id, G1, χ) holds for all I . Then
T (f, σ,G, χ) = c · T (f1, id, G1, χ)
holds by definition. In the lemma below we will show for constants cI = c(G, σ, I) 6=
0
|α∞(γ0, 1)| = cI · |α∞(γ1, 1)|
for all summands of the sum defining TI(f, σ,G, χ) respectively TI(f1, id, G1, χ)
and sufficiently regular γ0 respectively γ1. Notice (γ0, γ1) = (δ, δH) are the global
Q-rational elements to be compared in the notions above. For γ = γ0 (or γ = γ1)
and the respective group G (or G1) by [Wes] theorem 4.8
|α∞(γ, 1)| =
O∞σ (γ, 1) ·#H
1(R, T )
dIζ,γ · voldb′∞((G
I
γ,σ)
′
(R)/ζ˜)
.
This is the factor for the terms in the sum defining TI(f, σ,G, χ), i.e. γ ∈ PI(Q)
for the σ-stable Q-rational parabolic subgroup PI = MIUI . We now discuss the
ingredients of the formula defining α∞(γ, 1).
Regularity. We will later choose a pair of matching functions (f, f1), whose sta-
ble orbital integrals have strongly σ-regular semisimple support. For the notion of
strongly σ-regular see [KS] p.28. Taking this for granted, we therefore analyze the
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above terms under the assumption, that Int(γ) ◦ σ is strongly σ-regular semisim-
ple. For simplicity of notation we consider the case (G, θ) in the following. The
case of its maximal elliptic σ-endoscopic group (G1, id) of course is analogous.
We will also assume Z(G)θ to be Zariski connected, since this suffices for our
applications. Although the following discussion holds more generally, at the end
we restrict to our two relevant cases for convenience.
The groups GIγ,σ. Fix a a σ-stable rational parabolic subgroup PI of G (or similar
G1). For a strongly σ-regular semisimple elements θ = Int(γ) ◦ σ , where γ ∈
PI(Q), the twisted centralizer GIγ,σ = (PI)θ is abelian. In fact, Gθ is abelian by
[KS] p.28 and the centralizer Gθ in G is a maximal torus T ⊆ G. T is θ-stable and
T := Gγ,σ is the group of θ-fixed points in T
Gθ = Tθ .
θ is strongly σ-regular, hence there exists a pair (T, B) (B a Borel containing T
defined over the algebraic closure), which is θ-stable. Since T acts transitively
on splittings, there exists a t in T (again over the algebraic closure), such that
θ∗ = int(t)θ respects a fixed splitting (T, B, {xα}). Then
Tθ = Tint(t)θ = Tθ
∗
.
By [KS] p.14 Gθ∗ is Zariski connected if and only if Tθ∗ is Zariski connec-
ted. Therefore Tθ is Zariski connected, if Gθ∗ is Zariski connected. Now Gθ∗ =
G1 · Z(G)θ
∗ by [KS], p.14, for the Zariski connected component G1 = (Gθ∗)0.
By our assumption Z(G)θ∗ = Z(G)σ is Zariski connected. Hence Gθ∗ and there-
fore Tθ are both Zariski connected. In other words Tθ is a subtorus of T. Notice
σ2 = 1 implies (θ∗)2 = 1, since an inner automorphism fixing a splitting is trivial.
Therefore to describe (T, θ∗) over the algebraic closure, we can replace θ∗ by our
original automorphism σ, which also fixes (some other but conjugate) splitting of
G. Over the algebraic closure (T, θ∗) is isomorphic to a direct product
∏
i(Ti, θ
∗
i ),
where the factors are either (Gl(1), id) or (Gl(1), inv) or (Gl(1)2, θ∗), where θ∗
is the flip automorphism of the two factors θ∗(x, y) = (y, x). Which types arise
does not depend on I as shown below, and can be directly read of from the way
in which σ acts on the σ-stable diagonal reference torus [BWW]. Two cases are
relevant: [BWW] example 1.8 where G = PGl2n+1 with σ(g) = J(tg−1)J−1
and J as in loc. cit., and [BWW] example 1.9 where G = Gl(2n) × Gl(1) and
θ(g, a) = (J(tg−1)J−1, det(g)a). For n = 2 these specialize to the cases conside-
red in theorem 4, except that in example 1.9 one has to divide by Gl(1) to obtain
GSO(3, 3) as explained already.
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Absolute independence from I . T is the unique maximal torus of G, which con-
tains Gθ as subgroup and which is θ-stable. Furthermore GIγ,σ = Tθ ∩ PI . Since
UI ∩ T
θ is trivial, the projection PI → PI/UI ∼= MI induces an isomorphism of
GIγ,σ with its image in MI . We can find a θ-stable maximal torus in MI containing
the image. By dimension reason, this maximal torus coincides with the image of
GIγ,σ. By the uniqueness of T this determines T and T = Tθ within the subgroup
(MI , θ) of (G, θ). For strongly regular γ this implies
GIγ,σ
∼= Tθ = Tθ
∗
= T ,
which is independent from I . In our situation σ = η1 holds for η1 as defined in
[Wes] (2.1). By the Gauss-Bonnet formula [Wes] (3.9) the torus T isR-anisotropic
modulo the center of MI . By a global approximation argument therefore the
groups ζ˜ in the formula above are trivial. Similarly, since in our case the cen-
ters of G and G1, hence also the centers of their respectiveQ-Levi subgroups MI ,
are split Q-tori, the groups ζ can be assumed to be trivial. Hence dIζ,γ = 1 by
[Wes] (2.23).
The other factors. By [Wes] Lemma (2.17) and (2.15) and the isomorphism
pi0(F˜ (gη, γ)
η˜γ,h∞ ) ∼= pi0(F˜ (gη, γ))
η˜γ,h∞ the factors O∞σ (γ, 1) = #Rγ,σ are
O∞σ (γ, 1) =
#
(
KI,m∞ /K
I
∞
)η2
#pi0
(
GIγ,σ(R)/(Gγ,σ(R) ∩ p1K
+
∞Z
+
∞AIp
−1
1 )
) .
GIγ,σ(R) is topologically connected, sinceGIγ,σ = T is a torus. Therefore the deno-
minator is trivial, and the factor O∞σ (γ, 1) becomes (KI,m∞ /KI∞)η2 with notations
from [Wes], (2.2). It only depends on I , but does not depend on γ. So we need
compare the factors
|α∞(γ, 1)| = #
(
KI,m∞ /K
I
∞
)η2 · #H
1(R, T )
voldb′
∞
(T ′(R))
.
The σ-stable torus T contains GIγ,σ = T = Tσ (σ-invariant subtorus). Its R-
structure might a priori depend on γ, but in fact does not. T ′ = (Tσ)′ is the
maximal R-anisotropic subtorus of T , as follows from the description of [Wes]
(3.9). Now, since
GIγ0,σ = T
∼= Tσ −→ Tσ ∼= T1 = (G1)
I1
γ1,id
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are isogenious tori, the definition of measures db′∞ ([Wes], (3.9)) and the mea-
sures used the definition of matching of Kottwitz-Shelstad ([KS], p. 71) shows,
that both factors voldb′
∞
((GIγ0,σ)
′(R)) for G and γ0 and voldb′
∞
((G1)
I
γ1,id
)′(R))
for G1 and γ1 differ by a constant independent of (γ0, γ1). Recall that γ =
γ0 ∈ G(Q) and γ = γ1 ∈ G1(Q) is a pair of points related by the Kottwitz-
Shelstad norm. For such a pair we have the tori T ⊆ G and T1 ⊆ G1 and
T1 = Tσ (σ-coinvariant quotient torus of T ⊆ G) by the definition of the
Kottwitz-Shelstad norm. See [KS], chapter 3 and [Wes], chapter 5. The relative
factor voldb′
∞
((GIγ0,σ)
′(R))/voldb′
∞
((G1)
I
γ1,id
)′(R)) turns out to be the degree of
the isogeny T θ∗ → Tθ∗ independently from I . Notice, up to conjugacy over R
(hence up to isomorphism overR) the tori T respectively T1 only depend on I and
not on γ0, γ1.
Example. For G = (PGl(2n + 1), σ) and G1 = (Sp(2n), id) as in [Wes] (5.18)
the quotient |α∞(γ0, 1)|/|α∞(γ1, 1)| is equal to the relative measure factor 2n. In
fact KI,m∞ = KI,+∞ both for (G, σ) and (G1, id), since O(2n + 1,R)/{±id} ∼=
SO(2n + 1,R) and since U(n) is connected. If it holds for I = ∆, then for all
I . In all cases H1(R, T ) ∼= H1(R, T1). For MI ∼= PGl(2m + 1) ×
∏
iGl(ri) ⊆
G = PGl(2n+1) and the corresponding (M1)I ∼= Sp(2m)×
∏
iGl(ri) ⊆ G1 =
Sp(2n) only the cases ri = 0, 1, 2 give nonvanishing contributions to the trace
formula, using that T and T1 are anisotropic modulo the center of MI resp. (M1)I .
The corresponding decomposition T = Tm ×
∏
i Tri and T1 = T1,m ×
∏
i T1,ri
easily implies H1(R, Tm) ∼= H1(R, T1,m) (being R-anisotropic of the same rank)
and H1(R, Tri) ∼= H1(R, T1,ri) by direct inspection, again using that T and T1 are
anisotropic modulo the center of MI resp. (M1)I .
We have shown
Lemma. For matching elements strongly σ-regular elements γ0 and matching
(γ0, γ1) the quotient |α∞(γ0)|/|α∞(γ1)| = cI only depends on I and (G, σ,G1),
but not on the stable conjugacy class of γ ∈ PI(Q). For I = ∆ this quotient
defines a universal constant c = c(G, σ,G1) 6= 0.
In the other relevant case (G, σ) = (GSO(3, 3), σ) and G1 = GSp(4) the con-
stants cI depend on I .
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Theorem 4. For G = GSO(3, 3) resp. G = PGl(5) and σ as above, so that G1
is GSp(4) respectively G1 is Sp(4), the following holds
1. Suppose Π1 is a cuspidal automorphic representation of GSp(4,A) (re-
spectively an irreducible component of its restriction to Sp(4,A)), which
is not CAP (nor a weak endoscopic lift). Suppose (Π1)fin contributes to
H•(MG1 ,V1). Suppose S is a sufficiently large finite set of places for which
ΠS1 defined by Π1 = Π1,SΠS1 is nonarchimedean and unramified. Let Ψ be
the virtual representation of G1(Afin) = G1(AS)×G1(AS) on the genera-
lized (cuspidal) eigenspaces contained in H•(MG1 ,V1), on which G1(AS)
acts by ΠS1 . Then there exists a pair of globally and strongly matching func-
tions f, f1 with strongly regular support, so that Trace((Π1)fin(f1)) 6= 0
and
Trace(Ψ(f1)) 6= 0 .
2. The fundamental lemma holds: In the situation of 1) there exists a finite
set of places S = S(Π1, G1, G) such that for v 6∈ S the representation
Π1,v is unramified, the spherical Hecke algebraC∞c (G(Qv)//Kv) is defined,
so that for all fv ∈ C∞c (Gv//Kv) the functions fv and bξ(fv) are locally
matching functions for the endoscopic datum (G1, LG1, ξ, s) for (G, σ, 1) in
the sense of [KS], (5.5.1) up to an appropriate z-extension. So in particular
the following generalized Shintani identities hold for v /∈ S
Trace(bξ(fv); Π1,v) = Trace(fv · σ; rξ(Π1,v)) .
3. For globally and strongly matching functions (f, f1) there exists a universal
constant c = c(G,G1) 6= 0 such that the trace identity
T (f, σ,G, χ) = c · T (f1, id, G1, χ1)
holds.
Proof of theorem 4. Assertion (4.3) has already been explained.
Assertion (4.2). The comparison (4.3) of trace formulas would be pointless unless
there exist matching functions at least of the form (4.2). Assertion (4.2) is a state-
ment, which is enough to prove for almost all places v /∈ S for a suitable large
finite set S. For an arbitrary spherical Hecke operator at v /∈ S it can be reduced
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to the case, where fv = 1Kv is the unit element of the spherical Hecke algebra.
In the untwisted case this was shown by Hales [Ha] in full generality. In [W4]
this is done for a large class of twisted cases, including those considered above,
by extending a method of Clozel and Labesse. We remark, that in the situation of
theorem 4, the arguments of [W4] can be simplified by the use of the topological
trace identity (4.3) explained above. Concerning unit elements: The case of the
unit element fv = 1Kv was established by Flicker [Fl] for the first kind of trace
comparison involving GSO(3, 3) or more precisely Gl(4) × Gl(1), and was de-
duced from that result for the second kind of trace comparison involving PGl(5)
in [BWW] theorem 7.9 and corollary 7.10. In both cases this is obtained for the
unit elements of the spherical Hecke algebras for large enough primes and for suf-
ficiently regular (γ0, γ1). That these regularity assumptions do no harm is shown
below.
Assertion (4.1). We claim that the assertions (4.2) and (4.3) of theorem 4 imply
assertion (4.1). Recall that (Π1)fin and the coefficient system Vχ are fixed. Since
(Π1)fin is cuspidal but not CAP, it only contributes to cohomology in degree 3, if it
contributes nontrivially to the Euler characteristic of Vχ (in our case this amounts
to the assumption that the archimedean component belongs to the discrete series).
All constituents of Ψ, being weakly equivalent to Π1 and isomorphic to Π1 outside
S, are not CAP. Hence the same applies for them.
To construct f1 such that T (f1, id, G1, χ) 6= 0 and Trace(Ψ(f1)) 6= 0 the easiest
candidate to come into mind is the following: Let N be some principal congru-
ence level, i.e. assume (Π1)K(N)fin 6= 0 where K(N) ⊆ GSp(4,Zfin) is defined
by the congruence condition k ≡ id mod N . Choose a sufficiently large finite set
of places S containing the finite set of divisors of N . Then put f1 =
∏
v 6=∞ f1,v,
where f1,v is chosen to be the function which is zero for all g 6= k · z for k is in the
principal congruence subgroup of level N and chosen equal to f1,v = ω(z)−1 el-
se. Then f1,v is the unit element of the Hecke algebra at almost all places not in S
and the required condition Trace((Ψ)fin(f1)) ≥ Trace((Π1)fin(f1)) > 0 holds
by definition. To start to prove (4.1) we first have to find a matching function f
on G(Afin). This involves the fundamental lemma, which is known for elements
(γ0, γ1) sufficiently regular. Therefore we modify our first naive choice f1 slight-
ly. For this we choose an auxiliary place w /∈ S, where Π1 is unramified. At this
auxiliary place w our previous function f1,w will be replaced by an elementary
function in the sense of [La], [W4]. We will see, that this allows us to restrict our-
selves to consider matching conditions at sufficiently regular elements (γ0, γ1).
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Once these data in S and w are fixed, we finally allow for some additional modifi-
cation at other unramified place w′ 6= w in order to construct a good ΠS1 -projector
in the sense of [W1].
At the auxiliary place w we choose f1,w to be an elementary function as in [La]
§2 attached to some sufficiently regular element t0 in the split diagonal torus,
to be specified later. Then there exists a matching σ-twisted elementary function
on G(Qw) [W4]. Notice, the stable orbital integrals SOG1t (f1,w) vanish, unless t
is conjugate in G1(F ) to some element in the torus of diagonal matrices, which
differs from t0 by a unimodular diagonal matrix and a central factor. In other
words, the stable orbital integral of f1,w then locally has regular semisimple sup-
port for suitable sufficiently regular element t0. For the global topological trace
formulas of G1 and G this has the effect, that only regular semisimple global
elements give a nonzero contribution on the geometric side. Hence for the con-
struction a global matching functions (f1, f) it suffices to show local matching
for (fv, f1,v) at v 6= w by considering stable orbital integrals at regular elements
only! Since in our situation the Kottwitz-Shelstad transfer factors are identically
one for all regular elements, this means we have to show local matching of sta-
ble orbital integrals at all semisimple regular elements γ1 at the places v 6= w.
In addition we have to find a function fw matching with f1,w at the place w sup-
ported in strongly σ-regular elements γ0 of G(Qw), and we have to guarantee
Trace(Ψ1,w)(f1,w) 6= 0 by a suitable choice of t0. By taking finite linear combi-
nation of elementary functions of this type one can also achieve the vanishing of
all representation Trace(pi1,w)(f1,w) for the finitely many representations pi = Πi
weakly equivalent to Π1 with level N · pw, which contribute to cohomology of the
fixed coefficient system Vχ. Hence the trace coincides with the trace of our first
naive choice of f1. In fact, as already mentioned, one can then also find a corre-
sponding finite linear combination fw of σ-twisted elementary functions matching
with f1,w, and for this choice of f1,w then fw has support in strongly σ-regular ele-
ments (see [W4]).
This modification using t0 at the place w, which we further discuss below, is use-
ful also for other purposes. At the moment, taking the situation at the place w
for granted, let us look at the other places first. For the nonarchimedean places
v 6= w not in S we now can use assertion (4.2) to obtain the matching functions
fv to be unit elements at all these places. Recall, the fundamental lemma for the
unit elements at sufficiently regular suffices for this. Concerning the place v ∈ S,
the existence of local matching function can be reduced to existence of matching
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germs. This can be achieved by the argument of [LS], §2.2 or the similar argument
of [V]. So one is reduced to the matching of germs of stable orbital integrals. Sin-
ce we deal with a purely local question now, of course one has to allow singular
elements now. Fortunately for the pairs (G,G1) under consideration the matching
of germs of stable orbital integrals has been proven by Hales [Ha2]. This comple-
tes our construction of the functions fv at the places v 6= w defining the globally
matching pair (f1, f). So let us come back to the auxiliary unramified place w.
Concerning the choice of t0: The trace Trace(f1,Π1) = 0 of any irreducible
cuspidal automorphic representation Π1 vanishes unless Π1 admits a nontrivial
fixed vector for the group K(N,w) = Kw
∏
v 6=∞,wK(N)v, where Kw is chosen
to be a Iwahori subgroup. Hence only finitely many irreducible automorphic re-
presentations with fixed archimedean component and Trace(f1,Π1) 6= 0 exist.
Trace(Πfin(f1)) considered in assertion (4.1) is a linear combination of the type∑
im(Πi)Trace(f1,w,Πi) as a function of t0, involving a finite number of local
irreducible admissible representations pi = Πi of G1(Qw) of Iwahori level, with
certain multiplicities m(Πi) > 0. Since the unramified representation Π1,w is one
of these, this sum is nonempty. By the argument of [La] (section 5) t0, which defi-
nes the elementary function f1,w, can be chosen to be strongly regular so that this
sum is nonzero, providedG1 is of adjoint type. This adjointness assumption is true
for G1 = GSp(4), but not for G1 = Sp(4). However, since we consider irreduci-
ble components Π1 of the restriction of the global representation in the case of the
group Sp(4), this kind of argument carries over also for the case G1 = Sp(4). Of
course this remark proves the required nonvanishing Trace(Π(f1)) 6= 0, since it
allows reconstruct the spherical trace of the spherical function of Π1,w at the place
w by a linear combination f1,w of elementary functions attached to finitely many
strongly regular elements t0.
We finally make some further adjustment, but only using spherical functions. This
is necessary to obtain strongly matching functions, and this is only necessary in
the case (G,G1) = (GSO(3, 3), GSp(4)). For this we consider the unramified
representation Π′S = rξ(ΠS). Using the method of CAP-localization [W1] (with
levels and coefficient system fixed) it is clear that we can modify our f at unra-
mified places not in S using a good spherical Π′S-projector f˜S. Similarly modify
f1 by the corresponding good spherical ΠS1 -projector f˜S1 = bξ(f˜S). Then all con-
tributions TI(f1, id, G1, χ) in the trace formula for PI 6= G1 in the trace formula
vanish. This is possible, since we assumed ΠS not to be a CAP-representation.
Then, since f is globally matching, we get TI(f,G, σ, χ) = cI · TI(f1, id, G1, χ)
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for constants cI by the last lemma. Hence also TI(f,G, σ, χ) = 0 for PI 6= G.
Therefore the modified pair (f f˜S, f1f˜S1 ) is not only globally matching, but also a
strongly matching pair of functions with the properties required by assertion 4.1.
This completes the proof of theorem 4.
Applying theorem 4. For an irreducible cuspidal representation Π, which is not
CAP, suppose Π∞ belongs to the discrete series. For G1(A) = GSp(4,A) the re-
presentation Πfin contributes toH3(M1,Vχ1) for some character χ1 ( [W2], hypo-
thesis A and B) and we can therefore assume that Trace(Πfin(f1);H•(M1,Vχ1))
does not vanish for all f1. Now choose f1 and a globally and strongly mat-
ching function f on the group G(Afin) for G = GSO(3, 3) (or its z-extension
Gl(4) × Gl(1)) as in theorem (4.1). Then by theorem (4.2) and (4.3) there must
exist a σ-stable irreducibleG(Afin)-constituent (Π′, ω) of H•(MG,Vχ), for which
Trace(Π′, ω)(f · σ) 6= 0 holds. By a theorem of Franke [Fr] this representation is
automorphic. Any modification of the pair (f1, f) to (f1,v
∏
w 6=v f1,w, fv
∏
w 6=v fw)
at a place v 6∈ S for f1,v = bξ(fv) and spherical Hecke operators fv again gives
a pair of globally strongly matching functions. Then (4.2) and (4.3) and the li-
near independence of characters of the group G(Afin)⋊ < σ > imply, that the
representation identity (Π′v, ωv) = rξ(Πv) holds for all v 6∈ S. Since the partial
L-series outside S can be easily computed from the Satake parameters, we have
constructed a weak lift: The L-identity
LS(Π′ ⊗ χ, s) = LS(Π⊗ χ, s)
holds for all idele class characters χ for a sufficiently large finite set S. This is just
a transcription of the fundamental lemma, i.e. follows from part (4.2) and (4.3)
of theorem 4, and defines the weak lift Π′. The weak lift Π′, now constructed, is
uniquely determined by Π, since by the strong multiplicity 1 theorem for Gl(n) it
is determined by the partial L-series LS(Π′ ⊗ χ, s) (at the places v 6∈ S), once it
exists. This shows, that our second temporary assumption is satisfied. The required
identity for the central characters ω2Π = ωΠ′ holds, since it locally holds at all
nonarchimedean places outside S by the L-identity above.
The case G1 = Sp(4), G = PGl(5) is completely analogous and the correspon-
ding considerations now also allows us to get rid of our first temporary assumpti-
on.
Concerning the archimedean place. The topological trace formulas compute the
traces of the Hecke correspondences on the virtual cohomology of a given coef-
ficient system in terms of orbital integrals. Underlying the trace comparison (4.3)
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is a corresponding fixed lift of the coefficient system Vµ1 . The coefficient system
being fixed, only finitely many archimedean representations contribute to the to-
pological trace formula for this coefficient system. Also notice, the representation
Π′∞ has to be a representation of Gl(4,R), which has nontrivial cohomology for
the given lift of the coefficient system. In fact this determines Π′∞ in terms of Vµ
and the cohomology degree. Furthermore in our relevant case, i.e. for the lift to
Gl(4) × Gl(1), well known vanishing theorems for Lie algebra cohomology and
duality completely determine Π′∞ in terms of the coefficient system Vµ. We lea-
ve this as an exercise. This uniquely determines Π′∞ in terms of Π∞. This yields
matching archimedean representations, which have nontrivial cohomology in de-
gree 3 for the group H with σ-equivariant representations, that have nontrivial
cohomology for G.
Consider the theta lift from GO(3, 3) to GSp(4), which maps the class of (Π′, ω)
to the class of Πgen. At the archimedean place we claim, that for this lift (Π′∞, ω∞)
locally (!) uniquely determines Πgen,∞. Since theta lifts behave well with respect
to central characters, it is enough to prove this for the dual pair (O(3, 3), Sp(4))
by our earlier remarks on Π′∞. In fact by Mackey’s theory the restriction of Π′∞ to
Sl(4,R) · R∗ decomposes into two nonisomorphic irreducible constituents, from
which (from each of them) in turn Π′∞ is obtained by induction. The same holds
for the restriction of discrete series representations of GSp(4,R) to Sp(4,R) ·R∗.
It is therefore enough to determine the restriction of Πgen,∞ to Sp(4,R) · R∗.
Once we have shown, that this restriction contains an irreducible constituent in
the discrete series, we have therefore as a consequence, that the representation
Πgen,∞ of GSp(4,R) is uniquely determined by Π′∞ and that Πgen,∞ belongs to
the discrete series. We now still have to understand, why Πgen,∞ should be in the
archimedean L-packet of Π∞.
This being said, we first replaceGl(4,R) by Sl(4,R) or the quotientSO(3, 3)(R) =
Sl(4,R)/Z2 (recall the central character was ω2) and replace Π′∞ by a suitable ir-
reducible constituent of the restriction. For simplicity of notation still denote it
Π′∞. If the representation on O(3, 3)(R) induced from the irreducible representa-
tion Π′∞ of SO(3, 3)(R) would be irreducible, we can immediately apply [H] to
conclude, that its theta lift on Sp(4,R) is uniquely determined by Π′∞. Otherwise
there exist two different extensions of Π′∞ to O(3, 3)(R), by simplicity denoted
Π′∞ and Π′∞ ⊗ ε, where ε is the quadratic character of O(3, 3)(R) defined by the
quotient O(3, 3)(R)/SO(3, 3)(R). However if this happens, we now claim only
one of the two possibilities contributes to the theta correspondence, so that again
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we can apply [H]. The claim made follows from an archimedean version of part c)
of the Proposition of [V], p.483. For the convenience of the reader we prove this
in the archimedean exercise below.
So passing from Π∞ to (Π′∞, ω∞) and then back to Πgen,∞ turns out to be a well
defined local assignment at the archimedean place; to be accurate, in the first in-
stance only up to twist by the sign-character. That it is well defined then follows
a posteriori, once we know the assigned image is contained in the discrete series.
For this see the archimedean remarks made following our second temporary as-
sumption. To compute the local assignment - first only up to a possible character
twist - it is enough to do this for a single suitably chosen global automorphic cu-
spidal representation Π. We have to show, that passing forth back with these two
lifts locally at the archimedean place, we do not leave the local archimedean L-
packet. Since for every archimedean discrete series representation Π∞ of weight
(k1, k2) there exists a global weak endoscopic lift Π with this given archimedean
component Π∞ (see [W2]), it is now enough to do this calculation globally for
this global weak endoscopic lift Π. For global weak endoscopic lifts there exists
a unique globally generic cuspidal representation Πgen in the weak equivalence
class of Π by [W2], hypothesis A. So Πgen is uniquely determined by the descrip-
tion of this generic component given in [W2], hypothesis A. Therefore looking
at the archimedean place the archimedean component Πgen,∞, which is uniquely
determined by Π∞ as we already have seen, has to be this unique generic nonholo-
morphic member of the discrete series L-packet of GSp(4,R) of weight (k1, k2).
Since it depends only on the archimedean local representation, and since this holds
true in the special case, this holds in general. This proves theorem 1 modulo the
following
Archimedean exercise. We now prove the archimedean analog of proposition [V],
p.483, which we used above. See also [W5]. Let V be a nondegenerate real qua-
dratic space of dimension m = p + q, let G = O = O(p, q) be its orthogonal
group with maximal compact subgroup K = O(p)× O(q). Let O∨ be the set of
equivalence classes of irreducible (Lie(O), K)-modules. The metaplectic cover
Mp(2N) of Sp(2N) for N = m · n naturally acts on the Fock space. Its asso-
ciated Harish-Chandra module PV (n) ∼= Sym•(V ⊗R Cn) defines the oscillator
representation ωFock. For the pair (G,G′) = (O,Mp(2n,R)) the restriction of
ωFock to G × G′ ⊆ Mp(2N,R) induces the theta correspondence. The action of
G by ωFock does not coincide with the natural action on Sym•(V ⊗R Cn), ex-
cept when V is anisotropic. Nevertheless the action of K does. Let R(n) ⊆ O∨
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denote the classes of irreducible (Lie(O), K)-module quotients of PV (n). For
pi ∈ O∨ let n(pi) be the smallest integer n, if it exists, such that pi ∈ R(n). Since
PV (n + n
′) = PV (n) ⊗C PV (n
′) - considered as modules of (Lie(O), K) - for
any pi ∈ R(n) and pi′ ∈ R(n′) the irreducible quotients of pi ⊗C pi′ contribute to
R(n+ n′). For pi ∈ O∨ let pi∨ denote the contragredient representation. Since the
quadratic character ε is an irreducible quotient of the representation pi⊗ (pi∨⊗ ε),
we obtain n(pi) + n(pi∨ ⊗ ε) ≥ n(ε). We claim n(ε) ≥ dimR(V ), which implies
as desired
n(pi) + n(pi∨ ⊗ ε) ≥ dimR(V ) .
For the proof of n(ε) ≥ m put n = n(ε). The restriction of ε to K = O(p)×O(q)
is σ = ε ⊠ ε. M ′ = Mp(2n,R) × Mp(2n,R) covers the centralizer of K
in Sp(2N) and M ′0 = U˜(n,C) × U˜(n,C) its maximal compact subgroup. By
[KV] and [H], lemma 3.3 a unique irreducible representation τ ′ of M ′0 is atta-
ched to σ, which is the external tensor product of the irreducible highest weight
representations with highest weights (p
2
+ 1, .., p
2
+ 1, p
2
, ..., p
2
) respectively ( q
2
+
1, .., q
2
+ 1, q
2
, ..., q
2
) of U˜(n,C), which is a twofold covering group of U(n,C).
Here p
2
+ 1 occurs p times respectively q
2
+ 1 occurs q times. So in particular
n ≥ max(p, q). The two components are represented by pluriharmonic polynomi-
als in the Fock space of degree p respectively q. As a consequence, τ ′ is realized in
Symd(V ⊗R C
n) for d = p + q = m. In other words deg(τ ′) = m for the degree
deg in the sense of [H]. The restriction of τ ′ to the maximal compact subgroup
K ′ = U˜(N,C) ∩ G′ is the tensor representation det p−q2 ⊗
∧p(Cn) ⊗ ∧q(Cn)∨
of U˜(n,C), since the negative definite part gives an antiholomorphic embedding
([H], p.541). The highest weights of all irreducible constituents of the representa-
tion
∧p(Cn) ⊗ ∧q(Cn)∨ of U(n,C) are of the form (1, .., 1, 0, .., 0,−1, ...,−1)
with i ≤ p digits 1, j ≤ q digits −1 and n − i − j digits 0. According to
[H], lemma 3.3 there must be a unique irreducible representation σ′ of U˜(n,C)
in the restriction of τ ′ such that deg(σ′) = deg(τ ′) = m. The representation of
M ′0
∼= U˜(n,C)×U˜ (n,C) on the polynomials of degree k in the Fock space PV (n)
is isomorphic to
⊕
a+b=k det
p
2 · Syma(Rp ⊗R C
n)⊠ det
q
2 · Symb(Rq ⊗R C
n). Its
restriction to K ′ ∼= U˜(n,C) in G′ therefore is isomorphic to the representation
det
p−q
2
⊕
a+b=k Sym
a(Rp ⊗R C
n)⊗ Symb(Rq ⊗R (C
n)∨) induced by the natural
action of U(n,C) on Cn. Hence for i ≤ p and j ≤ q (the number of digits 1 resp.
−1 of the highest weight) we get deg(det p−q2 ⊗(1, .., 1, 0, 0, ..,−1, ..,−1)) = i+j
by considering the representation generated by the product of some i× i-minor in
Symi(Ri ⊗R C
n) and some j × j-minor in Symi(Rj ⊗R Cn). Thus deg(σ′) = m
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implies, that there exists i ≤ p and j ≤ q such that deg(σ′) = i + j = m. There-
fore i = p and j = q, hence m = i+ j ≤ n. So we have shown n(ε) ≥ m. In fact
it is not hard to see n(ε) = m.
The special case considered. In the situation of theorem 1 and its proof this gives
n(pi) + n(pi ⊗ ε) ≥ 6 .
The underlying representation Π′∞ of GO(3, 3)(R) decomposes into two noniso-
morphic representations pi1, pi2 of O(3, 3)(R) with n(pi1) = n(pi2) = 2. Therefore
n(pi1 ⊗ ε) ≥ 4 and n(pi2 ⊗ ε) ≥ 4 by the above inequality, since in our case
pi∨ ∼= pi follows from (Π′∞)∨ ∼= Π′∞ ⊗ ω−1∞ (which was a consequence of the
second temporary assumption).
This finally completes the proof of theorem 1.
Remark on orthogonal representations. For a weak endoscopic lift Π the state-
ment of theorem 1 is known by [W2], hypothesis A. So there was no need not
go to the trace formula arguments required otherwise. Nevertheless the above
arguments applied for a weak endoscopic lift nevertheless yield something in-
teresting. Let Π be cuspidal irreducible representation Π of GSp(4,A), which is
a weak endoscopic lift attached to a pair of cuspidal representations (σ1, σ2) of
Gl(2,A) with central character ω, but which is not CAP. Then we can still con-
struct the irreducible automorphic representation Π˜′ of Gl(5,A) from Π as above.
However the representation Π˜′ will not be cuspidal any more, since its L-series
LS(Π˜′, s) = LS(σ1 × σ2 ⊗ ω
−1, s)ζS(s) has a pole at s = 1. Hence the au-
tomorphic representation Π˜′ is Eisenstein, in fact induced from an automorphic
irreducible representation (pi4, pi1) of the Levi subgroup Gl(4,A)×Gl(1,A). This
gives rise to an irreducible automorphic representation pi4 of Gl(4,A) attached to
(σ1, σ2), which after a character twist by ω will be denoted
σ1 × σ2 .
The automorphic representation σ1 × σ2 is uniquely determined by its partial L-
series LS(σ1×σ2, s), which coincides with the partial L-series attached to the or-
thogonal four dimensionalEλ-valued λ-adic Galois representation ρσ1,λ⊗Eλρσ2,λ,
the tensor product of the two dimensional Galois representations ρσi,λ attached to
σ1 and σ2. This four dimensional tensor product is an orthogonal Galois repre-
sentation. It should not be confused with the symplectic four dimensional Galois
23
representation obtained in [W2], theorem I, which for weak endoscopic lifts is the
direct sum of the Galois representations ρσi,λ. D.Ramakrishnan obtained a com-
pletely different and more general construction of the automorphic representation
σ1 × σ2 using converse theorems.
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